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A Motivating Example: 1 + 2 + 4 + 8 + · · · = −1

Recall the geometric series:

∞∑
k=0

rk =
1

1− r
, |r | < 1

Formally, if r = 2,
∞∑
k=0

2k =
1

1− 2
= −1

Question: Can we make sense of this?

Yes! (In Q2)
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What is Qp?

Definition: | · |p
Let a

b ∈ Q× and p a (positive) prime integer. Then a
b = pn a′

b′ with
gcd(p, a′) = gcd(p, b′) = 1. Define∣∣ a

b

∣∣
p
= p−n.

Extend to Q by
∣∣0∣∣

p
= 0.

Definition: Qp

Qp is the Cauchy completion of Q with respect to | · |p.
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The Return of 1 + 2 + 4 + 8 + · · · = −1

What is the obstruction to saying
∑∞

k=0 p
k = 1

1−p
?

Convergence!

Let Sn =
∑n

k=0 p
k . For m > n sufficiently large:

∣∣Sm − Sn
∣∣
p
=

∣∣ m∑
k=n+1

pk
∣∣
p

=
∣∣pn+1(1 + p + · · ·+ pm−(n+1))

∣∣
p

= p−(n+1) < ε.

Rahul Rajkumar (UC Riverside) Elements and Applications of p-adic Analysis April 1st, 2023 6 / 13



The Return of 1 + 2 + 4 + 8 + · · · = −1

What is the obstruction to saying
∑∞

k=0 p
k = 1

1−p
?

Convergence!

Let Sn =
∑n

k=0 p
k . For m > n sufficiently large:

∣∣Sm − Sn
∣∣
p
=

∣∣ m∑
k=n+1

pk
∣∣
p

=
∣∣pn+1(1 + p + · · ·+ pm−(n+1))

∣∣
p

= p−(n+1) < ε.

Rahul Rajkumar (UC Riverside) Elements and Applications of p-adic Analysis April 1st, 2023 6 / 13



The Return of 1 + 2 + 4 + 8 + · · · = −1

What is the obstruction to saying
∑∞

k=0 p
k = 1

1−p
?

Convergence!

Let Sn =
∑n

k=0 p
k . For m > n sufficiently large:

∣∣Sm − Sn
∣∣
p
=

∣∣ m∑
k=n+1

pk
∣∣
p

=
∣∣pn+1(1 + p + · · ·+ pm−(n+1))

∣∣
p

= p−(n+1) < ε.

Rahul Rajkumar (UC Riverside) Elements and Applications of p-adic Analysis April 1st, 2023 6 / 13



Some Aspects of the (Ultra)Metric Structure of Qp

| · |p satisfies the strong triangle inequality: |a+ b|p ≤ max(|a|p, |b|p)

Example

For a, b ∈ {1, . . . , p − 1} and m ≥ n integers:

|pma+ pnb|p = |pn(pm−na+ b)|p ≤ p−n

| · |p is discretely valued except around 0: im| · |p = {pk : k ∈ Z}∪ {0}
Balls in Qp only intersect trivially, and every point inside a ball is at
its center

Qp is totally disconnected: the only nonempty connected subsets are
singletons

Qp is “Cantor set”-like: picture a p-regular tree with infinite “depth”
and finite but unbounded “height”

Rahul Rajkumar (UC Riverside) Elements and Applications of p-adic Analysis April 1st, 2023 7 / 13



Some Aspects of the (Ultra)Metric Structure of Qp

| · |p satisfies the strong triangle inequality: |a+ b|p ≤ max(|a|p, |b|p)

Example

For a, b ∈ {1, . . . , p − 1} and m ≥ n integers:

|pma+ pnb|p = |pn(pm−na+ b)|p ≤ p−n

| · |p is discretely valued except around 0: im| · |p = {pk : k ∈ Z}∪ {0}
Balls in Qp only intersect trivially, and every point inside a ball is at
its center

Qp is totally disconnected: the only nonempty connected subsets are
singletons

Qp is “Cantor set”-like: picture a p-regular tree with infinite “depth”
and finite but unbounded “height”

Rahul Rajkumar (UC Riverside) Elements and Applications of p-adic Analysis April 1st, 2023 7 / 13



Structure of the Presentation

1 About Qp

2 Applications of Qp

Rahul Rajkumar (UC Riverside) Elements and Applications of p-adic Analysis April 1st, 2023 8 / 13



Some Areas of Application

Planck-scale physics and the Volovich hypothesis

Local-global (Hasse-Minkowski) Principle and number field invariance

Hierarchical structures and complex systems

p-adic stochastic processes

Rahul Rajkumar (UC Riverside) Elements and Applications of p-adic Analysis April 1st, 2023 9 / 13



Some Areas of Application

Planck-scale physics and the Volovich hypothesis

Local-global (Hasse-Minkowski) Principle and number field invariance

Hierarchical structures and complex systems

p-adic stochastic processes

Rahul Rajkumar (UC Riverside) Elements and Applications of p-adic Analysis April 1st, 2023 9 / 13



A Recent Result on a p-adic Stochastic Process

Real Brownian Motion/Diffusion

An Rd -valued Brownian Motion is modeled by a stochastic process
W⃗t whose law is the fundamental solution to the d-dimensional heat
equation.

An Rd -valued Brownian Motion is a d-vector of independent
R-valued Brownian Motions

p-adic Brownian Motion/Diffusion (Varadarajan, 1997)

The pseudo-differential heat equation on Qd
p (with the max-norm) defines

a Qd
p -valued analogue, X⃗t , of the Rd -valued stochastic process W⃗t

Theorem (R.R. & D. Weisbart, 2022)

A Qd
p -valued Brownian Motion is a d-vector of dependent Qp-valued

Brownian Motions
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Conclusions
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Gouvêa, Fernando Q. P-Adic Numbers: An Introduction. 2nd ed.
Universitext. Berlin; New York: Springer, 2003

Rajkumar, Rahul, and David Weisbart. “Components and Exit Times
of Brownian Motion in Two or More p-Adic Dimensions.” arXiv,
October 28, 2022. http://arxiv.org/abs/2210.16429.

Varadarajan, V. S. “Path Integrals for a Class of P-Adic Schrödinger
Equations.” Letters in Mathematical Physics 39, no. 2 (January 1,
1997): 97–106. https://doi.org/10.1023/A:1007364631796.

Rahul Rajkumar (UC Riverside) Elements and Applications of p-adic Analysis April 1st, 2023 12 / 13



Image References

Marge Simpson’s Neat Potato - They’re Neat. Accessed March 30,
2023. https://i.kym-
cdn.com/photos/images/original/001/498/880/572.jpg.

Your Scientists Were So Preoccupied With Whether Or Not They
Could, They Didn’t Stop To Think If They Should. Accessed March
25, 2023. https://i.kym-
cdn.com/entries/icons/original/000/040/653/goldblum-quote.jpeg.

Rahul Rajkumar (UC Riverside) Elements and Applications of p-adic Analysis April 1st, 2023 13 / 13


	About Qp
	Applications of Qp

